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Results involving automorphisms and fragments of infinite graphs are proved. In particular 
for a given fragment C and a vertex-transitive subgroup G of the automorphism group of a con- 
nected graph there exists crEG such that alC] c C. This proves the countable case of a coniecture 
of L. Babai and M. E. Watkins concerning graphs allowing a vertex-transitive torsion group action. 

1. Introduction 

Given a g raph  At, let x= denote  the least  card ina l i ty  o f  a vertex set which 
separa tes  two infinite subsets  of  the ver tex set V(X) of  X. In this note  graphs  X 
with finite ~= are  considered.  I f  S separa tes  the infinite sets C1, C~ where IS[ = z =  
and  V(X) = Ca U S U Cz, then C1, C2 are called fragments of  X. 

L. Babai  and  M. E. Wa tk in s  [1] showed tha t  for  locally finite graphs  X with 
0 < x = <  ~o any  tors ion subgroup  o f  the a u t o m o r p h i s m  group  Au t  X o f  X has infin- 
i tely many  orbi ts  with respect  to the ac t ion  on V(X).  They also conjec tured  tha t  
g raphs  Y with prescr ibed  connect iv i ty  ~ > 0  and  a l lowing a ver tex-transi t ive tors ion 
g roup  o f  a u t o m o r p h i s m s  canno t  have a rb i t ra r i ly  large valence. Note  tha t  in the 
case ~ < o o  ei ther  u ~ < ~  or  some vE V(Y)  has finite valence. 

In  fact ,  the fol lowing is a consequence  of  T he o re m 1 below. 

Corol lary.  I f  Y allows a vertex-transitive torsion group of  automorphisms and 
0 < ~ < o o ,  then Y is locally finite. 

The boundary OC of  Co= V(X) is the set o f  vertices in V ( X ) - C  which are  
j o ined  to some vertex in C. 

Theorem 1. Let x= < o~ and let G be a vertex-transitive subgroup o f  Aut  X. Then 
for each fragment C of  X there exist crEG such that a [CUOC]~C.  

Obvious ly  an a u t o m o r p h i s m  a as descr ibed in Theorem 1 has  infinite o rde r  
p rov ided  X is connected.  
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2. Rigid neighbours of fragments 

Using the abbreviation S =  V ( X ) - ( S U O S )  one may define (cf. [3]): 

:~ = n(X) = rain ([0S[: S and g non-empty) 

and × = = ~ = ( X ) = m i n  {[0SI: S and $ infinite}. 
We call v a rigid neighbour of the fragment C if vCOD for all fragments D____ C. 

The set of rigid neighbours of C is denoted by 0* C. 

Lemma 2.1. Let ~¢~o < co and let C be a fragment of X. I f  D is a fragment and D c= C 
then O*Cc=O*D. I f  O*D'=O*Cfor all fragments D'c=C then C(~O*D=Q for all 
fragments D of X. 

Proof. The first assertion is an immediate consequence of the definitions. Suppose 
O*D=O*C for each fragment D of  X such that Dc=C. 

Let D be a fragment of X. By Corollary 2A in [3], D N C or D N C is a frag- 
ment of  X (with respect to ~=). Hence 

o r  

O*D c= O*(DNC) = O*C 

O*D c O(DV)C) c CCJOD = CUOC. 

As usual d(s, t) denotes the number of edges on a shortest path joining the 
vertices s, t; further 

diana S = max (d(sl, sz): sl, s2CS) 
and 

d(S, T) = rain (d(s, t): s~S, tOT) 

for finite sets S, T C_ V(X). 

Lemma 2.2. Let 0<×o0<¢~ and let C be a fragment of X such that O*D=~ for all 
fragments D ~ C. Then for each positive integer n there is a fragment C~ of X such 
that C1 [-JOG 1 ~ C and d(OC1, OC) ~=n. 

Proof. Let OC= {vl , vz . . . . .  Vk}. One first constructs fragments CD= D~ D=Dz ~= ... ~= D k 
such that v~ODi ( i=  I, 2 . . . .  , k). Setting C=Do, assume D~ has been constructed 
and O<=i<k. Since vi+~tO*D i one can find a fragment D~+a such that D~+I~Di 
and Vi+l~ODi+ 1. Clearly Di+IUODi+I~DiUc~Di~CUOC. Hence Dk(_JODk~C. 

Using the construction of  the previous paragraph one can construct fragments 
C-=C(°)~C(~)=Dk~C(2)~...D_ C o) such that C(°CJOC")c=C (~-1) for O<i<=n. 
Clearly d(OC ~"), OC)>=n. ] 

3. Automorphisms and Fragments 

We call a fragment C of X and aEAut X compatible if a[OC]c=C. 

Lemma 3.1. Let 0 < x ~ < ~  and let C, a be compatible. Then either 
(i) CUOCC=a[C] and a[CUOC]c=C or 
(ii) CUOCC=a[C] and a[CUOCIc=C. 
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Proofi Since CUOC induces a connected subgraph of X-a[OC]  one has CUOCC= 
~a[6"] or CUOC2a[C];  also, by complementation, a[CUOC]_~C or a[OUOClC=C 
respectively. II 

Lemma 3.2. Let 0 < z ~ < ~ ,  and let C be a fragment of  X. Further let G be a vertex- 
transitive group of  automorphisms of  X. Then O* C= @, and there exists a (  G such that 
C, a are compatible. 

Proof. One can find a fragment C1c=C such that O*D=O*Ca for all fragments 
Dc=C1. For x(O*C~ one could pick aCG such that a(x)CC~, and one would have 
a(x)Ea[O*C~]=O*a[Cl] contrary to Lemma 2.1. Hence Q =0*C~ D=O*C. By Lerrmaa 
2.2 there exists a fragment C2c=C such that C2UOC~c=C and d(OCz, 0C)-->diam OC. 
For  any a~Aut  X such that aft)C] 71C2# @ one has a[OC]c=C. | 

Theorem 1 is an immediate consequence of Lemma 3.2 and the following result. 

Proposition 3.3. Let 0 < ~ < co and let C be a fragment of  Aq I f  C, a are compatible 
and C, z are compatible then (p[CUOC]c=C for some (p( {a, z -1, a - i t - l } .  

Proof. According to Lemma 3.1 one may assume C U O C ~ a [ C ]  and a[CUOC]c=C. 
Also, by Lemma3.1 ,  either CUOCC=z[C] or CUOCC=r[C]. In the latter case 
~-~[cuoclc=Cc=a[Cl. | 

I t  must be pointed out that the proof  of  theorem 1 - -  wi th the exception of 
the arguments involving rigid neighbours - -  is very similar to the proof  of  Theo- 
rem 2 in [1]. 

R. Halin [2] called a ( A u t  J( of  type 1 if G ( F ) = F  for some finite non-empty 
F ~  V(X). Clearly, an automorphism a as described in Theorem 1 is not of type 1. 
Theorem 2 and Theorem 3 deal with automorphisms of type 1. 

Theorem 2. Let x ~  < co and a" [C] = C for some fi'agment C of  X and some positive 
integer n. Then there exists some fragment Dc=C such that a"[D] = D  and the sets 
D, ~r [D], ..., a " -  1 [D], OD U cr [OD] U...  U a"- 1 faD] are pairwise disjoint or equal. 

Proof. Put C(°)=C and C m = C  and construct a sequence eo, ea, ..., e,,-1 in {0, 1} 
such that C(%)(~ a[C(~ )] 71 ... ('/a~[C(~,)] = D~ is a fragment of  X ( i=0,  1, . . . ,  n - 1 ) .  
I f  Di is constructed and i < n -  1 then, by Corollary 2A in [3], the set DiAa~+~[C] 
or DiNai+~[C]=DiNa~+l[C] is a fragment. Therefore one can pick e~+16{0, i} 
such that Di+~=Di71~r~+I[C(~,.x)] is a fragment. It  will be shown that D =D ,_ I  has 
the desired properties. Clearly a" [D] -- D since a" [C] =C.  For j6 Z the set a ~'[D] has 
the form C(so)oa[C(S~)]fq ... 71cr"-~[CU',-~)] where f~, fz  . . . .  , f ,_ t~  {0, 1}. A vertex 
x~ a ~ [D] (q D belongs to 

a~[CO',)]Na~[C% ~] for 0 =< i ~ n - l .  

I f  such an x exists, one has ei=f~ for all i. Hence aJ[D]=D.  Therefore a~[D]~ 
7/o -~ [D] # Q implies a ~ [D] = a ~ [D]. 

Since cgD ~cgCU a [/9C] U.. .  U a "-a [0C], any vertex y in 0D N a J [D] belongs to 
s o m e  ffk[OC](-)od[D] where O<=k<=n - 1. But ~rJ[D]~a~[CCr,)], and hence no such y 
exists. Therefore tr~[OD]71a~[D]=Q for all e a n d j .  II 

The following related result is concerned with the locally finite case. 
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Theorem 3. Let 0 - < x = < ~  and let a~Aut  X be of type 1. Then for each fragment 
C of X there exist an integer n > 0  and a fragment Dc= C such that a"[D] = D  and any 
two members of the sequence D, a[D], ..., a"-l[D] and ODUG[OD]U...Ua"-I[c)D] 
are disjoint. 

Proof, By definition, a [ F ] = F f o r  some finite FC= V(X), F ¢  Q. The set S =  U c~[O C] 
i~z 

also is finite since d(x, F)<=max(d(y, F)" yqOC) for all xES. Clearly a [ S ] = S .  
There are only finitely many fragments whose boundary is contained in S and hence 
one can find a fragment D which is minimal subject to the conditions D ~ C  and 
ODc=S. It will be shown that such a D has the desired property. 

Let ~[DUc)D]ND;~(g. Then DNai[D] or DNai[/)]  is a fragment D1 and 
OD1 c= OD U a i[OD] c= S. Hence D 1 = D which implies ai [D] __D D. Therefore ¢i [D] = D. 

In general, a i[D U OD] N a ~ [D]¢ Q implies a i- ~ [D UOD] N D # Q and hence 
a~-J[D]=D by the preceding argmnent. This shows that the sequence D, a[D], ... 
is periodic. Moreover the claim holds with the minimum positive integer n such 
that a"[D]= D. I 
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