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Results involving automorphisms and fragments of infinite graphs are proved. In particular
for a given fragment C and a vertex-transitive subgroup G of the automorphism group of a con-
nected graph there exists o€ G such that 6[C]c C. This proves the countable case of a conjecture
of L. Babai and M. E. Watkins concerning graphs allowing a vertex-transitive torsion group action.

1. Introduction

Given a graph X, let x.. denote the least cardinality of a vertex set which
separates two infinite subsets of the vertex set V(X) of X. In this note graphs X
with finite x.. are considered. If S separates the infinite sets C,, C, where |S|=x.
and V(X)=C,USUC,, then C,, C, are called fragments of X.

L. Babai and M. E. Watkins [1] showed that for locally finite graphs X with
0~<x.. <o any torsion subgroup of the automorphism group Aut X of X has infin-
itely many orbits with respect to the action on V(X). They also conjectured that
graphs Y with prescribed connectivity x>0 and allowing a vertex-transitive torsion
group of automorphisms cannot have arbitrarily large valence. Note that in the
case x<oo either x.,<oo or some v€ F(Y) has finite valence.

In fact, the following is a consequence of Theorem 1 below.

Corollary. If Y allows a vertex-transitive torsion group of automorphisms and
O<x=<oo, then Y is locally finite.

The boundary 6C of CSV{X) is the set of vertices in V(X)—C which are
joined to some vertex in C.

Theorem 1. Let x.. <o and let G be a vertex-transitive subgroup of Aut X. Then
Sfor each fragment C of X there exist 6€ G such that c[CUJCISC.

Obviously an automorphism o as described in Theorem 1 has infinite order
provided X is connected.
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2. Rigid neighbours of fragments

Using the abbreviation S=V(X)—-(SU0S) one may define (cf. [3]):
% = %(X) = min (|#S|: S and § non-empty)

and %.=x.(X)=min {{0S]: S and S infinite}.
We call v a rigid neighbour of the fragment C if v€9D for all fragments DEC.
The set of rigid neighbours of C is denoted by §*C

Lemma 2.1. Let %, <o and let C be a fragment of X. If D is a fragment and DSC
then 3*CSO*D. If 8*D’'=0*C for all fragments D'CSC then CNO*D=C for all
fragments D of X.

Proof. The first assertion is an immediate consequence of the definitions. Suppose
0*D=9*C for each fragment D of X such that DEC.

Let D be a fragment of X. By Corollary 2A in [3], DNC or DNC is a frag-
ment of X (with respect to x..). Hence

9*D S *(DNC) = §*C
or
9*D C 9(DNT) S CUID = CUIC. |

As usual d(s, t) denotes the number of edges on a shortest path joining the
vertices s, f; further
diam § = max (d(sy. 52): 81, 5€8)
and
d(S,T) =min(d(s, £): s€S, 1€T)

for finite sets S, TS V' (X).

Lemma 2.2, Let O<x. << and let C be a fragment of X such that 9*D= for all
fragments DS C. Then for each positive integer n there is a fragment C; of X such
that C,UdC,EC and d(3C,,C)=n.

Proof. Let 9C={v,, vs, ..., v;}. One first constructs fragments C2D,2D,=2...2D,
such that v;40D; (i=1, 2, ..., k). Setting C=D,, assume D; has been constructed
and O=i<k. Since v;,,40* D, one can find a fragment D;., such that D; . ,&ED;
and v;,,40D;,,. Clearly D,HUBD, 1ED; U&DIQCUBC Hence D ,UdD,SC.

Using the construction of the previous paragraph one can construct fragments
C= C“’)DC“’—D 2C®2...2C"™ such that CPUYICHCSCU-Y for O<i=n.
Clearly d(3C™, 3C)>n B

3. Automorphisms and Fragments

We call a fragment C of X and o€ Aut X compatible if ¢[0C]EC.

Lemma 3.1. Let O<x..<<c and let C, ¢ be compatible. Then either
(i) CUQCSo[C] and o[CUIC]ISC or
i)y CUICESe[C] and o[CUIC]EC.
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Proof, Since CUAC induces a connected subgraph of X —c[dC] one has CUICES
Co[C] or CUICSe[C]; also, by complementation, 6[CUJICIEC or ¢[CUIC]EC
respectively. ||

Lemma 3.2. Let 0 <., <oo, and let C be a fragment of X. Further let G be a vertex-
transitive group of automorphisms of X. Then §* C=, and there exists 6€ G such that
C, o are compatible.

Proof. One can find a fragment C,SC such that 0*D=0*C, for all fragments
DEC,. For x¢9*C, one could pick ¢€G such that ¢(x)€C,, and one would have
o(x)€a[0* C,]=0%c[C,] contrary to Lemma 2.1. Hence @ =0*C,20*C. By Lemma
2.2 there exists a fragment C, € C such that C,UdC,EC and d(3C;, dC)=diam JC.
For any o€ Aut X such that ¢[0C]NC,= & one has ¢[dC]<C. J

Theorem 1 is an immediate consequence of Lemma 3.2 and the following result.

Proposition 3.3. Let O<x., << and let C be a fragment of X. If C, ¢ are compatible
and C, t are compatible then ¢[CUACISC for some ¢p€{o, 174 o 1171}

Proof. According to Lemma 3.1 one may assume CUJCSc[C] and ¢[CUIC]SC.
Also, by Lemma 3.1, either CUICZT[C] or CUJICZt[C]. In the latter case
t-1[CUAC]SCSo[C). §

It must be pointed out that the proof of theorem | — with the exception of
the arguments involving rigid neighbours — is very similar to the proof of Theo-
rem 2 in [1].

R. Halin (2] called o€ Aut X of type 1 if 6(F)=F for some finite non-empty
FEV(X). Clearly, an automorphism ¢ as described in Theorem 1 is not of type 1.
Theorem 2 and Theorem 3 deal with automorphisms of type 1.

Theorem 2. Let %, <o and o"[C]=C for some fragment C of X and some positive
integer n. Then there exists some fragment DS C such that ¢"[D]=D and the sets
D, o[D), ..., 0" }[D)], dDUc[0D]U...Uc"~1[dD] are pairwise disjoint or equal.

Proof. Put C®=C and CV=C and construct a sequence €y, &, ..., &,_; in {0, 1}
such that CeNg[CENN ... N [CEN=D, is a fragment of X (=0, L, ...,n—1).
If D, is constructed and i<n—1 then, by Corollary 2A in {3], the set D;N¢**![C]
or D;Ne' T C]=D;N¢***[C] is a fragment. Therefore one can pick ¢;,€{0, 1}
such that D;,,=D;Na'*1[C+1] is a fragment. It will be shown that D=D,_; has
the desired properties. Clearly ¢"[D]= D since ¢"[C]=C. For j¢Z the set ¢/[D] has
the form CYPNg[CUVIN ... Ng" [CUa-v] where fi, fos .-r fu-1€{0, 1}. A vertex
x€af[DIN D belongs to

¢ [CUN NG [Ce] for O0=i=n—1.
If such an x exists, one has ¢;=f; for all i. Hence o/[D]=D. Therefore o/[D]N
Na*[D]= & implies o/[D]=0*[D).
Since ADCACUs[dCIU...Ue*1[AC], any vertex y in 9D MN¢’/[D] belongs to

some ¢*[3C]Na’[D] where 0=k =n—1. But ¢/[D]Ss*[CUW)], and hence no such y
exists. Therefore 6°[@D]No/[D]=¢ for all e and j. |}

The following related result is concerned with the locally finite case.
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Theorem 3. Let O<x..<oo and let c€Aut X be of type 1. Then for each fragment
C of X there exist an integer n=>0 and a fragment DS C such that 6"[D]=D and any
two members of the sequence D, o[D], ..., 6" *[D] and dDUc[dD]U...Uc"*[9D]
are disjoint.

Proof. By definition, o[F]= F for some finite FE V(X), F> . The set S= ) ¢*[9C]
i€Z
also is finite since d(x, F)=max (d(y, F): y€dC) for all x€S. Clearly ¢[S]=S.
There are only finitely many fragments whose boundary is contained in S and hence
one can find a fragment D which is minimal subject to the conditions DEC and
0D C S. Tt will be shown that such a D has the desired property.
Let ¢'[DUADIND# . Then DNe'[D] or D(¢'[D] is a fragment D; and
dD,SdDUd'[#D]< S. Hence D, =D which implies ¢‘[D] 2 D. Therefore ¢'[D]=D.
In general, ¢ [DUJDINg/[D]# & implies ¢'~/[DUID]ND = and hence
¢'-J[D]=D by the preceding argument. This shows that the sequence D, ¢[D], ...
is periodic. Moreover the claim holds with the minimum positive integer n such
that o"[D]=D. |}
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